In this paper we study the compound equation
Introduction
In [1] A. Kananthai first introduced the diamond operator iterated k−times ♦ k , defined by ♦ k = k 2 k , where k is the Laplace operator iterated k-times and 2 k is the ultrahyperbolic operator iterated k-times. The equation ♦ k u(x) = f (x), see [2] , was studied, it is found that u(x) = (−1)
k R H 2k (x) * R e 2k (x) * f (x) is the solution of such problem.
In [7] S. E. Trione has showed that u(x) 
and
where
, x i > 0, a and b are nonzero constants, n is the dimension of R n + and k is a nonnegative integer. They are obtain that T 2k (x) and W 2k (x) are Green's functions of operators ( B + a 2 )
In this paper, we study the compound equation in (1). It is found that
is the unique solution of (1). Moreover it is relate to solutions of the BesselHelmholtz equation and the Bessel-Klein-Gordon equation.
In the next section, we give definitions and some concepts to used in a proof of the main result.
Preliminary Notes
p+q is a nondegenerated quadratic form. Denote the interior of the forward cone by
Kn(β)
, for
and β is a complex number.
Definition 2.3 Let
where η is a complex number and S α+2r (x) is defined by (4) .
where η is a complex number and R β+2r (x) is defined by (5) .
Lemma 2.5 Let D be a differentiation operator, δ(x) be the Dirac delta distribution and u(x) be any distribution, where x ∈ R
n . Then
Proof. See( [6] , p. 150-153).
Lemma 2.6
Let S α (x) and R β (x) be defined by (4) and (5) respectively. Then S α (x) * R β (x) exists and it is a tempered distribution.
Proof. See( [5] , p. 380).
Lemma 2.7 Consider the equation (
l is the Bessel-Helmholtz operator iterated l-times, defined by (2) . Then u(x) = T 2l (x) is the elementary solution of such operator, where
Proof. See( [4] , p. 13).
Lemma 2.8 Consider the equation
is the elementary solution of such operator, where W 2k (x) is defined by (8) 
Proof. See( [3] , p. 1398).
Lemma 2.9
Let S α (x) and R β (x) be defined by (4) and (5) respectively. Then
2.
Proof. 1. From (4), replace α = 4 we have
.
By the formula Γ(z + 1) = zΓ(z), thus
, and
By induction, we obtain that
2. First, to show that
From (6) we have
Next, to show that V 2k+2−n−2|ν| 2
, we have
Finally, from (5) replace α = 2k + 2 we have
from (14) and (15) we obtain that
The proof is completed.
Lemma 2.10
Let T 2l (x) and W 2k (x) be defined by (10) and (11) respectively. Then the convolution T 2l (x) * W 2k (x) exist and it is a tempered distribution.
Proof. From (10) and (11) we have
By (12) and (13) we obtain that
From Lemma (2.6), we have T 2l (x) * W 2k (x) exists and it is a tempered distribution. The proof is completed. (2) and (3) respectively, T α (x) is defined by (7) and W β (x) is defined by (8) . Then
Lemma 2.11 Let
Proof. From Lemma (2.7) and Lemma (2.8) we have that
by (9) we obtain that
Convolution both side by T 2N −2i (x) * W 2M −2j (x) and use (9) again, thus
That is
Main Results
In this section, we describe a solution of the compound equation in (1) . We use the results in previous section to show the existence and uniqueness of a solution.
Theorem 3.1 Consider the compound equation
where (2) and (3) 
respectively, u(x) is an unknown function and f(x) is a given distribution for
is the solution of (18), where V * −1 (x) is the inverse convolution algebra of
Proof. From equations (9) and (18) we have that
We take a convolution both side of (19) by T 2N (x) * W 2M (x), thus
By (17) we obtain
then (20) is reduced to
Now, consider the function V (x) is defined by (21), since δ(x) and T 2N (x) * W 2M (x) are tempered distributions, we have V (x) is also a tempered distribution. We choose the support of V equal to K where K is a compact set, thus V lie in a set of subalgebra convolution. And since V (x) is nonzero, by ([8] , p.150-153), we have that the equation (22) has the unique solution
where V * −1 (x) is the inverse convolution algebra of V (x). Moreover if M = 0, then (18) is reduced to the compound Bessel-Helmholtz equation ACKNOWLEDGEMENTS. This research was supported by Chiang Mai University.
